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We provide a characterization of memory effects in non-Markovian system-bath interactions from a quantum
information perspective. More specifically, we establish sufficient conditions for which generalized measures of
multipartite quantum, classical, and total correlations can be used to quantify the degree of non-Markovianity
of a local quantum decohering process. We illustrate our results by considering the dynamical behavior of the
trace-distance correlations in multi-qubit systems under local dephasing and generalized amplitude damping.
PACS numbers: 03.67.-a, 03.65.Yz, 03.65.Ud
I. INTRODUCTION
The characterization of memory effects in non-Markovian
evolutions is a fundamental subject in the theory of open sys-
tems [1]. Indeed, the Markovian behavior is always an ideal-
ization in the description of the quantum dynamics, with non-
Markovianity being non-negligible in a number of different
scenarios, such as biological [2–5] or condensed matter sys-
tems [6–8]. From an applied point of view, non-Markovian
dynamics may be a resource for quantum tasks through an in-
crease in the capacities of quantum channels [9]. Moreover,
it also exhibits applications in fault-tolerant quantum com-
putation [10]. Rigorously, non-Markovianity can be defined
through the deviation of a dynamical evolution map from a di-
visible completely positive trace-preserving (CPTP) map [11].
This behavior is manifested both in entanglement [12] and in
other correlation sources [13–17], providing an approach that
takes advantage of quantum information tools in the open-
systems realm. More specifically, non-Markovianity can be
interpreted in this context as a flow of information back to the
system due to its interaction with the environment, which may
imply non-monotonic behavior of correlations as a function of
time.
Here, we propose a general framework to characterize
non-Markovianity through multipartite measures of quantum,
classical, and total correlations. Recently, there has been
growing interest in the investigation of correlation measures
from a quantum information perspective [18–20]. In partic-
ular, measures for quantum correlations such as those pro-
vided by discordlike quantities and their corresponding clas-
sical counterparts have been formulated, with these quanti-
ties used as resources for implementing a variety of quantum
tasks (see Ref. [18] and references therein). These measures
were originally introduced in an entropic scenario by Ollivier
and Zurek [21]. In a geometric context, correlations can be
defined based on the relative entropy [22], Hilbert-Schmidt
norm [23, 24], trace norm [25, 26], and Bures norm [27, 28].
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All of these distinct versions of correlation measures can be
described by a unified framework in terms of a generalized
distance (or pseudo distance) function [18, 29, 30]. Our ap-
proach for non-Markovianity includes all these measures as
particular cases and characterizes the non-Markovian behav-
ior by taking into account the program introduced by Rivas,
Huelga, and Plenio [12], in which an ancilla is coupled to a
system which interacts with an environment. Specifically, we
provide a rigorous description of the hypotheses over local dy-
namical maps under which quantum, classical, and total cor-
relations can be used as measures of non-Markovianity. We
illustrate the results considering the dynamics of the trace-
distance correlations in qubit systems under either local de-
phasing or generalized amplitude damping (GAD).
II. CHARACTERIZING NON-MARKOVIANITY
Let us suppose a quantum process governed by a time-local
master equation
dρ
dt = Lt ρ(t), (1)
where the time-dependent generator Lt is given by
Ltρ(t) = −i [H(t), ρ(t)] +∑
i
γi(t)
(
Ai(t)ρ(t)A†i (t)
−
1
2
{
A†i (t)Ai(t), ρ(t)
})
, (2)
with H(t) denoting the effective system Hamiltonian, Ai(t) de-
noting the Lindblad operators, and γi(t) denoting the relax-
ation rates. By taking the relaxation rates as positive func-
tions, i.e., γi(t) ≥ 0, the generator Lt assumes the Lindblad
form [31] for each fixed t ≥ 0. The master equation describes
the dynamics of the density operator through ρ(t) = Φt, τρ(τ),
with the CPTP map Φt, τ given by Φt, τ = T exp
(∫ t
τ
dt′Lt′
)
,
with T denoting the chronological time-ordering operator.
The dynamical map Φt, τ then satisfies the divisibility condi-
tion Φt, τ = Φt, rΦr, τ (t ≥ r ≥ τ ≥ 0), which characterizes the
Markovianity of the quantum process. On the other hand, for
2γi(t) < 0, the corresponding dynamical map Φt, τ may not be
CPTP for intermediate time intervals and the divisibility prop-
erty of the overall CPTP dynamics is violated, which charac-
terizes a non-Markovian behavior [11, 12, 32].
If a function F = F(ρ) is monotonically nonincreasing un-
der divisible maps acting on ρ, i.e., F(Φt, τρ(τ)) ≤ F(ρ(τ))
when Φt, τ = Φt, rΦr, τ, then F(ρ) is monotonically nonincreas-
ing with increasing time, namely, dF(t)/dt ≤ 0. However, this
is not always true for a non-Markovian process, in which the
divisibility of the map is violated, with dF(t)/dt > 0 being
a straightforward non-Markovianity witness [11]. Therefore,
F(ρ) can be employed to point out the breakdown of Marko-
vianity and the degree of non-Markovianity can be defined by
NF (Φ) = maxρ(0)
∫
d
dt F(t)>0
d
dt F(t)dt, (3)
with the maximization performed over all sets of possible ini-
tial states ρ (0) and the integration extended over all time in-
tervals for which dF(ρ)/dt > 0. Numerically, we can write
NF (Φ) = maxρ(0)
∑
i
[{F(τi+1) − F(τi)}] , (4)
where {(τi, τi+1)} represents the set of all time intervals for
which F(t + ∆t) > F(t). The maximization over ρ(0) is not
a trivial task. Nevertheless, it is always possible to find out
lower bounds to NF (Φ) by optimizing over any class of ini-
tial states, which leads to a qualitative assessment of the non-
Markovianity of the map Φ [17].
III. NON-MARKOVIANITY THROUGH CORRELATION
MEASURES
In the general approach introduced in Refs. [18, 29, 30],
discordlike measures of quantum, classical, and total corre-
lations of an n-partite system in a state ρ are defined by the
respective expressions
Q(ρ) = K [ρ, M−ρ] , (5)
C(ρ) = K
[
M+ρ, M+πρ
]
, (6)
T (ρ) = K
[
ρ, πρ
]
, (7)
where K
[
ρ, σ
] denotes a real and positive function that van-
ishes for ρ = σ, the operator πρ = tr¯1ρ ⊗ tr¯2ρ... ⊗ trn¯ρ rep-
resents the product of the local marginals of ρ, and M−ρ and
M+ρ are classical states obtained through measurement maps
M− and M+ that minimize Q and maximize C, respectively.
In particular, they will be taken here as local n-partite maps
M± = M±1 ⊗ M
±
2 · · · ⊗ M
±
n , where M±i , I or M±i = I depend-
ing on whether the ith partition is measured or unmeasured.
Furthermore, we will define the measurements {M±i , I} as
optimized complete sets of local orthogonal projectors. Since
orthogonal projective measurements are adopted, we have
M±i M
±
i ρ = M
±
i ρ.
The correlation measures in Eqs. (5)-(7) are expected to
obey the following set of fundamental criteria [18, 29, 30]: (i)
product states have no correlations, (ii) all correlations are in-
variant under local unitary operations, (iii) all correlations are
non-negative, (iv) total correlations are nonincreasing under
local quantum channels (CPTP maps), (v) classical states have
no quantum correlations, and (vi) quantum correlations are
nonincreasing under local quantum channels over unmeasured
subsystems [30]. In order to satisfy the requirements above,
we restrict K to be positive and unitary invariant. Moreover,
we also require K to be contractible under CPTP mapsΦ [30],
i.e.,
K[Φρ,Φσ] ≤ K[ρ, σ] (∀ρ, σ). (8)
In particular, a variety of such functions K can be adopted as,
for instance, the trace distance K(ρ, σ) = tr|ρ − σ|.
In this work, we will consider multipartite correlated quan-
tum systems, such as that illustrated in Fig. 1. In particular, we
will consider local dynamical maps Φ = Φ1 ⊗ Φ2 · · · ⊗Φn. In
this scenario, we can show that a non-monotonic behavior of
the correlations Q(ρ), C(ρ), and T (ρ) as a function of time may
provide a direct measure of the degree of non-Markovianity
NF (Φ), with F = Q,C, or T . This result is contained in Theo-
rem 1 below.
FIG. 1. Illustration of the degree of non-Markovianity NF(Φ) via
locally measured states.
Theorem 1. Consider a quantum evolution driven by a lo-
cal dynamical map Φ =
⊗n
i=1 Φi. Then, assuming that K is
contractible under CPTP maps, it follows that (i) NT (Φ) is
a measure of non-Markovianity and (ii) NQ(Φ) and NC(Φ)
are measures of non-Markovianity for local measurements
M± =
⊗n
i=1 M
±
i such that M±i = I when Φi , I .
Proof. We begin by using Φ = ⊗ni=1 Φi. Then, by adopting
t ≥ τ ≥ 0, we write ρ(t) = Φt,τρ(τ) =
⊗
i Φi t,τ ρ(τ). More-
over, for local CPTP maps, we have the relation πΦt,τρ(τ) =
Φt,τπρ(τ). (i) Thus, let us consider NT (Φ). A generalized total
correlation measure can be written as T (t) = K
[
ρ(t), πρ(t)
]
=
K
[
Φt,τρ(τ), Φt,τπρ(τ)
]
. Imposing the condition that K is con-
tractible under CPTP maps, we have K
[
Φt,τρ(τ), Φt,τπρ(τ)
]
≤
K
[
ρ(τ), πρ(τ)
]
= T (τ). Hence, T (t) ≤ T (τ). (ii) Let us now
take NQ(Φ) and NC(Φ). A generalized quantum correlation
3measure can be written as Q(t) = K [ρ(t), M−t ρ(t)], where we
are considering M−t =
⊗
i M
−
i t with M
−
i = I when Φi , I(consequently, M−Φ = ΦM−). As M−τ does not necessar-
ily minimize Q(t), we can write Q(t) ≤ K [ρ(t), M−τ ρ(t)] =
K
[
Φt,τρ(τ),Φt,τM−τ ρ(τ)
]
. By taking Φi t,τ as a CPTP map
and imposing the condition that K is contractible un-
der CPTP maps, we obtain K [Φt,τρ(τ),Φt,τM−τ ρ(τ)] ≤
K
[
ρ(τ), M−τ ρ(τ)
]
= Q(τ). Hence, Q(t) ≤ Q(τ). Next,
let us consider NC(Φ). A generalized classical correla-
tion measure can be written as C(t) = K
[
M+t ρ(t), M+t πρ(t)
]
,
where we are considering M+t =
⊗
i M
+
i t with M
+
i = I
when Φi , I (consequently, M+Φ = ΦM+). Then, im-
posing the condition that K is contractible under CPTP
maps, we can write C(t) = K
[
Φt ,τM+t ρ(τ),Φt ,τM+t πρ(τ)
]
≤
K
[
M+t ρ(τ), M+t πρ(τ)
]
. As M+t does not necessarily maximize
C(τ), then K
[
M+t ρ(τ), M+t πρ(τ)
]
≤ K
[
M+τ ρ(τ), M+τ πρ(τ)
]
=
C(τ). Hence, C(t) ≤ C(τ). 
We observe that Theorem 1 ensures NQ(Φ) and NC(Φ) as
measures of non-Markovianity by assuming that the subsys-
tems under decoherence are unmeasured, i.e., M±i = I when
Φi , I. The measurements are then performed over ancillary
states that are effectively free of decoherence. This require-
ment is unnecessary for NT (Φ) since it is a measurement-
independent quantifier. An effective isolation of an ancilla
to probe non-Markovianity has been experimentally achieved
in several scenarios (see, e.g., Refs. [33, 34]). More gener-
ally, it can be approximately assumed when the relaxation
times of the ancillary subsystem are much larger than those
of the principal subsystem. Similarly, it also happens when
the multi-local dynamical map can be written as an effective
transformation where only part of the subsystems undergoes
decoherence [see Eq. (12) for a bipartite example in Sec. IV
B].
IV. APPLICATIONS
A. Trace-norm correlations for two-qubit X states
Let us consider correlations based on the Schatten 1-
norm (trace-norm) and projective measurements operating
over one qubit within a two-qubit system, i.e., K [ρ, σ] =
tr|ρ − σ| and M± = M±1 ⊗ I. By adopting these condi-
tions, Q(ρ) = tr
∣∣∣ρ − M−1 ⊗ I ρ
∣∣∣ is then the trace-norm geo-
metric quantum discord, as introduced in Refs. [25, 26], with
C(ρ) = tr
∣∣∣∣M+1 ⊗ I
(
ρ − πρ
)∣∣∣∣ and T (ρ) = tr ∣∣∣ρ − πρ∣∣∣ being the
corresponding classical and total correlations [30]. The trace-
norm geometric quantum and classical correlations have been
experimentally discussed in Refs. [35, 36]. We will consider
initial density operators restricted to the X states, i.e.,
ρ(0) = 1
4
I ⊗ I +
3∑
i=1
ci σi ⊗ σi + c4I ⊗ σ3 + c5σ3 ⊗ I
 , (9)
where {σi} represent the Pauli matrices and {ci = ci(0)} are
the initial correlation parameters. These states represent, for
example, the general form of reduced density operators of ar-
bitrary quantum spin chains with Z2 (parity) symmetry (for
a review see, e.g., Ref. [20]). The trace-norm correlation
measures have been analytically developed for a general X
state [37, 38], reading
Q =
√
ac − bd
a + c − b − d ,
C = max {|c1|, |c2|, |c3 − c4c5|} ,
T = max
{
C, 12 (|c1| + |c2| + |c3 − c4c5|)
}
, (10)
where a = max{c23, d + c
2
5}, b = min{c, c
2
3}, c = max{c
2
1, c
2
2},
and d = min{c21, c
2
2}.
B. Two-qubit state under dephasing via a time-local master
equation
Let us start by focusing on a dynamical map of the form
Φ = Φ1 ⊗Φ2, where
Φ jρ j =
1 + f j(t)
2
ρ j +
1 − f j(t)
2
σ3ρ jσ3, (11)
with f j(t) = exp
[
−2
∫ t
0 γ j(τ)dτ
]
. This represents a lo-
cal dephasing channel acting over subsystem j, which can
be derived from Eq. (1) by taking H = −
(
σ1z + σ
2
z
)
/2
and A j = σ jz ( j = 1, 2). For simplicity, the time-
dependent decoherence rates associated with each subsys-
tem will be chosen to be the same, namely, γ1(t) =
γ2(t) such that f1(t) = f2(t). The map Φ j preserves
the X state form of ρ, with {c1(t), c2(t), c3(t), c4(t), c5(t)} =
{c1 fk(t), c2 fk(t), c3, c4, c5}. Moreover, we can write
Φ = Φ1 ⊗ Φ2 = Φ
e f f ⊗ I = I ⊗Φe f f , (12)
where Φe f f is an effective dephasing channel with f (t) =
f1(t) f2(t) = exp
[
−2
∫ t
0 γ(τ)dτ
]
, with γ(τ) = γ1(τ) +
γ2(τ) = 2γ1(t), such that {c1(t), c2(t), c3(t), c4(t), c5(t)} =
{c1 f (t), c2 f (t), c3, c4, c5}. Therefore, Q(t), C(t), or T (t) can be
used to characterize non-Markovianity, as provided by The-
orem 1. In the Markovian regime, which takes place when
γ(t) ≥ 0 for all t ≥ 0, we have d f (t)/dt ≤ 0. Consequently,
we have dQ(t)/dt ≤ 0, dC(t)/dt ≤ 0, and dT (t)/dt ≤ 0.
In order to quantify the non-Markovianity of the dy-
namical map Φ = Φ1 ⊗ Φ2, we will first consider the
classical correlation. Thus, we replace F(t) by C(t) in
Eq. (3). The condition dC(t)/dt > 0 occurs only if C(t) >
|c3(0) − c4(0)c5(0)| and γ(t) < 0. Under this condition,
dC(t)/dt = −2max{|c1(0)|, |c2(0)|}γ(t) f (t) and the maximiza-
tion in Eq. (3) is achieved when c3(0) − c4(0)c5(0) = 0 and
max{|c1(0)|, |c2(0)|} = 1. Thus, we find
NC(Φ) = −2
∫
γ(t)<0
γ(t) f (t)dt. (13)
By taking ρ(0) as a maximally entangled state, we obtain the
same estimation of the non-Markovianity degree via total or
4quantum correlation. In fact, we have for the four Bell states
|c1| = |c2| = |c3| = 1 and c4 = c5 = 0 such that T (t) =
max{1, f (t) + 12 } and Q(t) = f (t). As d f (t)/dt = −2γ(t) f (t)
and f (t) > 0, we conclude that dT (t)/dt > 0 or dQ(t)/dt > 0
is equivalent to γ(t) < 0. Under this condition, f (t) > 1 and
dT (t)/dt = dQ(t)/dt = −2γ(t) f (t), which leads to
NT (Φ) = NQ(Φ) = NC(Φ). (14)
The degree of non-Markovianity found here via trace-distance
correlation measures is then consistent with previous results
for measures of non-Markovianity [11, 13, 17, 39].
C. Two-qubit state under GAD via the Lindblad rate equation
Let us now illustrate the signature of non-Markovianity for
two qubits under local GAD, which will be described in the
open-system framework developed in Ref. [40] based on a
Lindblad rate equation. In this scenario, the density matrix
in Eq.(1) is replaced by
ρ(t) =
Rmax∑
R=1
ρR(t), (15)
where each auxiliary (unnormalized) operator ρR defines
the system dynamics given that the reservoir is in the R-
configurational bath state, with Rmax being the number of con-
figurational states of the environment. The probability that the
environment is in a given state at time t reads PR(t) = tr[ρR(t)],
and the set of states {ρR(t)} encodes both the system dynam-
ics and the fluctuations of the environment [40, 41]. Then,
we model the environment as being characterized by a two-
dimensional configurational space (Rmax = 2), which only af-
fects the decay rates of the system. Each state follows by itself
a Lindblad rate equation
dρ1(t)
dt = −i[H1, ρ1(t)] + γ¯
A
1L
Aρ1(t) + γ¯B1LBρ1(t)
− φ21ρ1(t) + φ12ρ2(t), (16)
dρ2(t)
dt = −i[H2, ρ2(t)] + γ¯
A
2L
Aρ2(t) + γ¯B2LBρ2(t)
− φ21ρ2(t) + φ12ρ1(t), (17)
where the structure of the superoperatorL for the GAD chan-
nel is given by
LA,BρR =
(
−
σ†A,BσA,B ρR
2
−
ρR σ
†A,BσA,B
2
+ σ†A,BρRσ
A,B
)
.
(18)
The first lines of Eqs. (16) and (17) define the unitary and
dissipative dynamics for the two-qubit system, given that the
bath is in configurational state 1 and configurational state 2,
respectively. The constants {γ¯A1,2, γ¯
B
1,2} are the natural decay
rates of the system associated with each reservoir state. The
positivity of the density matrix will be ensured as long as these
decoherence coefficients obey γ¯A B1,2 ≥ 0 [40, 42]. On the other
hand, the second line of Eqs. (16) and (17) describes tran-
sitions between the configurational states of the environment
(with rates φ12 and φ21) [42]. For simplicity, the decay rates
associated with each subsystem will be chosen to be the same,
namely, γ¯A1 = γ¯
B
1 ≡ γ¯1 and γ¯A2 = γ¯B2 ≡ γ¯2. Moreover, we define
the characteristic dimensionless parameters
ǫ =
γ¯1
γ¯1 + γ¯2
, η =
φ12
φ12 + φ21
v =
φ12 + φ21
γ¯1 + γ¯2
, (19)
where ǫ, η ∈ [0, 1] and v ∈ [0,∞). We will analyze the system
in the limit of either fast or slow environmental fluctuations.
The fast limit of environmental fluctuations occurs when the
reservoir fluctuations are much faster than the average decay
rates of the system, namely, {φR′R} ≫ {γ¯R} (v ≫ 1), which
implies that the system exhibits Markovian behavior. On the
other hand, when the bath fluctuations are much slower than
the average decay rate, namely, {φR′R} ≪ {γ¯R} (v ≪ 1), the
system is in the limit of slow environmental fluctuations. The
signatures of non-Markovianity will be provided by the to-
tal correlation, which has the advantages of avoiding both
extremization procedures and further requirements over the
dynamical map. The non-Markovian behavior can then be
witnessed in Fig. 2, which shows the temporal evolution of
the total correlation for several values of v, where we have
taken ǫ = 0.92, η = 0, 5, and an initial X state described by
c1 = 0.20, c2 = −0.20, c3 = 0.60, c4 = 0.50, and c5 = 0.70.
FIG. 2. Total correlation as a function of τ = (γ¯A + γ¯B)t for a two-
qubit system under a non-Markovian GAD channel. The initial state
is in the X form, with c1 = 0.20, c2 = −0.20, c3 = 0.60, c4 = 0.50,
and c5 = 0.70. We have also taken ǫ = 0.92 and η = 0.5. The
non-monotonic behavior gets pronounced as we decrease v from the
Markovian regime (v ≫ 1) towards the non-Markovian regime.
For the fast limit, the decay of the total correlation is a
monotonically decreasing function, which corresponds to a
Markovian evolution. Otherwise, when the system is subject
to a non-Markovian evolution (slow limit), the total correla-
tion shows a non-monotonic evolution, which gets more pro-
nounced as we decrease v. The degree of non-Markovianity
NT (v) can be rigorously obtained from Eq.(4) by a maximiza-
tion over all initial states. On the other hand, a lower bound for
NT (v) can be directly obtained from Fig. 2 through the height
of the non-monotonic sector as a function of v.
5D. Multipartite entangled state under local dephasing
Consider an n-partite system initially in the Greenberger-
Horne-Zeilinger (GHZ) state, i.e., a maximally entangled state
of the form
ρ =
1
2
(|0〉n 〈0|n + |0〉n 〈1|n + |1〉n 〈0|n + |1〉n 〈1|n) , (20)
where |k〉n = |k〉1 ⊗ |k〉2 ⊗ · · · ⊗ |k〉n (k = 0, 1). By applying a
dynamical map Φ = Φ1 ⊗ Φ2 ⊗ · · · ⊗ Φn over the GHZ state
and choosing Φi as a local dephasing channel as in Eq. (11),
we get
ρ(t) = 1
2
(|0〉n 〈0|n + f (t) |0〉n 〈1|n + f (t) |1〉n 〈0|n + |1〉n 〈1|n) ,
(21)
where f (t) = exp
[
−2
∫ t
0 γ(τ)dτ
]
, with γ(t) = ∑ni=1 γi(t) de-
noting the sum of the time-dependent decoherence rates. We
will consider the multipartite total correlation as the non-
Markovianity quantifier and use the GHZ state to provide a
lower bound for NT (Φ). The product of the local marginals
of ρ(t) is given by πρ(t) = I/2n, and the eigenvalues of the
operator ρ(t) − πρ(t) are
λi = −2−n (1 ≤ i ≤ 2n − 2) ,
λ2n−1 =
1
2
(
1 − 21−n − f
)
,
λ2n =
1
2
(
1 − 21−n + f
)
. (22)
Therefore, T (t) = ∑2ni |λi| or T (t) = 1 − 21−n + max{1 −
21−n, f (t)}. We have dT/dt = 0 for f (t) ≤ 1 − 21−n and
dT/dt = −2γ(t) f (t) for f (t) > 1 − 21−n. Since f (t) > 0,
we conclude that dT/dt > 0 is equivalent to the condition
γ(t) < 0. Moreover, f (t) > 1 [consequently, f (t) > 1 − 2n−1]
when γ(t) < 0. Thus, we find a generalization of the result in
Eq.(13):
NT (Φ) =
∫
d
dt T (t)>0
d
dt T (t)dt = −2
∫
γ(t)<0
γ(t) f (t)dt. (23)
V. CONCLUSION
We have introduced a unified framework based on gener-
alized quantum, classical, and total correlation measures to
characterize the non-Markovianity of local dynamical maps
over multipartite quantum systems. This approach establishes
sufficient conditions under which each class of correlation can
be used to determine the degree of non-Markovian behavior.
We illustrated our results for different master-equation meth-
ods and for different sources of decoherence. We expect ap-
plications in experimental setups for which correlations may
be accessible to the observer. In addition, the vanishing of
entanglement for high-temperature regimes [43] or for dis-
tant neighbors within a composite system [44] may also mo-
tivate the use of generalized correlations as a tool to charac-
terize non-Markovianity. Further applications include the as-
sessment of other approaches beyond Markovianity (see, e.g.,
Ref. [45]) and of additional axioms over correlation functions
(see, e.g., Refs. [46, 47]). These topics are left for future re-
search.
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